We study the two-dimensional Fermion system with the spin-orbit coupling and spin-tensormomentum coupling. A new type of spin-tensor Hall current is found. Unlike the conventional spin Hall effect, the spin-tensor Hall effect originates from the coupling of the spin tensor and the momentum. The total spin Hall conductivity with the presence of the spin-tensor Hall current is calculated. The numerical results indicate that the total spin Hall conductivity is enhanced by the contribution of the spin-tensor-momentum coupling.
I. INTRODUCTION
The spin-orbit coupling (SOC) plays an important role in many quantum phenomena of solid and ultracold atomic systems. One important example is the spin Hall effect (SHE), because the SHE is one of the foundations of spintronics [1] . The SHE has been studied in the semiconductor heterostructures which is independent of the skew scattering of the moving magnetic moments and the magnetic impurities [2] . A dissipationless spin Hall current can be induced by an electric field in hole-doped semiconductors [3] [4] [5] . The SHE has been observed in GaAs [6] [7] [8] . The effect does not depends on the electronimpurity scattering [9] [10] [11] [12] [13] , but is related to the substantial SOC. In the momentum (p y ) direction perpendicular to the electric current, the effective torque caused by the Rashba SOC tilts the spins up for p y > 0 and down for p y < 0. The effect is intrinsic in electron systems, and is called as intrinsic spin Hall effect (ISHE). The spin Hall conductance is found to be a universal value which is independent of the Rashba coupling strength [14] [15] [16] [17] [18] .
Recently, a new type of spin-tensor-momentum coupling (STMC) is proposed in the Bose-Einstein condensation [19] . It is found that the coupling between the two components of particle's spin and momentum (e.g., orbit) leads to new types of stripe superfluid phase and multicritical points for phase transitions. The STMC may open a door for exploring many other interesting physics. For example, the new properties of the SHE in the STMC system. This paper is organized as follows. Because the SOC is a relativistic effect, we derive the angular momentum conservation equation of the Fermion by using the relativistic quantum mechanics and Noether's theorem in Sec. II. The relativistic spin current can be naturally extracted from the angular momentum current. We discuss the non-relativistic approximation of the spin continuity * Electronic address: ynufyp@sina.cn equation, and define the new spin-tensor Hall current. In Sec. III we study the ISHE in a system with the Rashba SOC and STMC. The conductivities of the spin Hall and spin-tensor Hall currents are calculated. Finally the conclusion is presented in Sec. IV.
II. SPIN CONTINUITY EQUATION AND SPIN-TENSOR HALL CURRENT
Noether's theorem indicates that the invariant of the system under a continuous transformation will lead to the corresponding conservation current [20] . One can rigorously derive the total-angular momentum conservation equation by using the Noether's theorem. The spin current of the Dirac Fermion coupled with the external electromagnetic field can be extracted from total-angular momentum current (Appendix A). The non-relativistic approximation of the spin current can be obtained by using the standard Foldy-Wouthuysen (FW) transformation [21, 22] . The spin continuity equation up to the order of 1/c 2 reads
the spin density is
where s =hσ/2 is the spin operator, v = π/m is the velocity operator, π = p−eA/c is the momentum operator. The second term of the spin density includes the contributions of the spin and the vector potential interaction A × s, and the spin-orbit coupling p × s.
The spin current can be derived as
here we define τ = σ/2 as the pseudospin and
The first term of Eq. (3) is the spin Hall current
Under the time reversal transformation t → −t, we have s → −s, π → −π, the spin Hall current satisfies the time-reversal-symmetry. The response equation of the dissipationless spin Hall current
] requires the antisymmetry of i and j components, here σ SH is the spin Hall conductivity. The same antisymmetry structure appears in the spin Hall current of Eq.(4).
We define the second term of Eq. (3) as the spin-tensor Hall current
where
is the unreducible rank-2 spin tensor. The spin-tensor current is originating from the coupling of the spin tensor and the momentum. We note that the spin-tensor current is not a higher order correction of the non-relativistic approximation, it is in the same order as the spin Hall current. The imaginary number i in Eq. (5) is to ensure that the spin-tensor current operator [is i (τ × v) j ] is the Hermite current operator. In the time-reversal transformation s → −s and π → −π the spin-tensor current is also time-reversal symmetry protected. Because of the pseudospin τ does not contain the constanth, where the dimension ofh is [J· s], the pseudospin is dimensionless, and therefore in the timereversal transformation τ → τ . It is also easy to proved that the spin-tensor current is antisymmetric current for i and j component. These properties indicate that the second term of Eq.(3) is a kind of spin-tensor Hall current.
A new velocity operators can be obtained by analogy with the conventional spin current. We define the velocity of the spin-tensor current as v ST = 2(τ × v), and therefore the total spin Hall current can be defined as
where the total velocity is v tot = v+iv ST . The third term of Eq. (3) is the scalar current, and
The fourth term is the relativistic correction for the spin Hall current and spintensor Hall current up to the 1/c 2 order. In the external electromagnetic field, the total spin current is not conserved because of the coupling of the angular momentum and external field. The non-relativistic limit of the spin torque (up to 1/c 2 order) can be derived in the form
where B is the magnetic field. The second term of Eq. (7) is negligible (∇ × E = 0) when the external electric field is fixed (E=constant) in the SHE. We find that the spin torque contains the coupling of the magnetic moment of the electron µ = es/mc and the external field (B and E), and the coupling of the spin s and the momentum π. If the external field B = 0, the spin torque is of the order 1/c 2 , the spin current is approximately conserved. Because of the coupling of the spin and orbit, the contribution of spin angular momentum and the orbit angular momentum to the torque can not be directly divided. Both the spin and orbit angular momentums contribute to the spin torque. In Ref. [23] the authors ignore the total contribution of the orbit angular momentum to the spin torque. The authors in Ref. [24] use the Gordon decomposition to divide the spin current into the convective and internal parts, and derive the continuity equation for the convective spin current with the absence of the external electromagnetic field. They consider influence of the external electromagnetic field by using the simple transformation p → π and ih∂/∂t → ih∂/∂t − eA 0 in the final results. In our derivation the external field A µ is included in the total-angular momentum conservation equation and the FW transformation. Thus the results of the continuity equation of the spin current is more valid in this paper.
III. SPIN HALL AND SPIN-TENSOR HALL CONDUCTIVITIES IN ISHE A. Model Hamiltonian
In the two-dimensional Fermion system (2DFS) the substantial Rashba SOC and the external electric field E lead to the dissipationless spin current [14-16, 18, 25] . The spin-tensor current will not appear in the 2DFS with the absence of the STMC. The Hamiltonian including the SOC and STMC is given by
is the Rashba SOC Hamiltonian, λ is the Rashba coupling constant [26] , and the Hamiltonian of the STMC is
and we define ζ as the dimensionless coupling constant of the STMC, and 0 < ζ < 1. The tensor ξ ijk = τ i s j p k describes the coupling between spin tensor τ i s j and the momentum p k . The Rashba SOC splits energy states into two branches ( Fig.1(a) ) where η = +1 for s =h/2 and η = −1 for s = −h/2. The SOC and STMC lead to four eigenstates ( Fig.1(b) )
where η ′ = +1 for τ z = 1/2, η ′ = −1 for τ z = −1/2, and tan θ = p y /p x with the momentums p x = p cos θ and p y = p sin θ. The SOC+STMC Hamiltonian has four eigenstates, the Fermions occupy the lower energy band E +,− in the spin Hall effect. The Fermi energy E F is much larger than the slitting energy ∆ [27] , we assume E F > E c > ∼ ∆, where E c is the cross point of the energy bands E +,+ and E −,− . The difference of the Fermi radii p F + and p F − of the majority (E +,− ) and minority (E −,− ) spin bands can be calculated by the eigenvalues
and we have
If the Fermi energy smaller than the energy E c , such as E ′ F = E ′ , the Fermi space is between the energy bands E 
B. Spin Hall and Spin-Tensor Hall Conductivities
In this section we discuss the spin Hall current which is polarized in theẑ-direction and flows in theŷ-direction, and is perpendicular to the charge currentx-direction. Based on Eq.(6) the total spin Hall current operator is defined asĴ 
and
The velocity operators of the spin current and the spintensor current can be calculated as
h s x and v STy = −2ζτ z py m . In the SOC+STMC 2DFS the pseudospin and spin have the same index z, we redefine the total velocity operator as v toty = v y + v STy to ensure the Hermiticity of the spin current.
The stable spin Hall effect requires that the spin is along a certain direction. However the spin is precessed with time due to the SOC, the precession equation of the spin can be obtained by the Heisenberg equations
wherex 1 andx 2 denote the azimuthal and radial direction in momentum space, respectively. The above results indicate that the STMC Hamiltonian does not contribute to the spin precession equations. We consider the effect of the external electric field E, the system Hamiltonian is thus given by H = H 0 + eE x x, where E x is the external electric field in thex-direction. Using the Heisenberg equation, we have p x = p x0 − eE x t where p x0 is the initial momentum at t = 0. The Fermi surface is displaced an amount eE x t due to the presence of the external electric field. Applying the adiabatic spin dynamics [14] , thex 2 component of the spin can be approximated to s 2 (t) = s sin θp 1 (t)/p 2 for a weak field E x and a short instant t. Substituting the above approximation in Eq. (17) we have theẑ component of the spin s as
In the weak field and short instant approximation, p 1 (t) ≈ṗ x (t) = −eE x , p 2 ≈ p, therefore the electric field induces a linear response of spin s z :
The SOC+STMC Hamiltonian has four eigenstate, just the lower energy band E +,− (majority spin band) contributes to the total spin current, here the values of the spin and the pseudospin are s =h/2 and τ z = −1/2. From the definition of spin Hall and spin-tensor Hall current, the corresponding current operators are given byĴ 
The antisymmetry partĴ yz spin (1) is the spin Hall current operator. The operatorĴ yz spin (2) does not satisfy the antisymmetry structure of indexes y and z, and thereforê J yz spin(2) is a kind of non-spin-Hall current operator. Only the antisymmetry part of the spin current contributes to the SHE [3, 23] . It is inappropriate to defineĴ yz spin as a spin Hall current operator in the SHE.
The spin Hall and spin-tensor Hall currents in the SOC+STMC system can be expressed as
where k = p/h is the wave vector and f D is the equilibrium Fermi-Dirac distribution. At zero temperature the spin current is given by
where the spin Hall conductivity is
The spin-tensor Hall current is calculated by
where the spin-tensor Hall conductivity is The numerical results of spin Hall (σSH) and spintensor Hall conductivities (σSTH) vs the coupling constant ζ of STMC. We have used the dimensionless quantity σ/e. The triangle symbol stands for the spin Hall conductivity of the SOC+STMC system, the inverted triangle symbol stands for the spin-tensor Hall conductivity, the diamond symbol stands for the total spin Hall conductivity σSH + σSTH. The dash line stands for the spin Hall conductivity[(e/16π)/e] of the conventional Rashba SOC system without the STMC.
Eq. (24) and (26) indicates that the spin Hall and spintensor Hall conductivities are not universal values, they depend on the STMC parameter ζ. If ζ = 0, the STMC becomes to zero (σ STH = 0) and the spin Hall conductivity can be calculated as σ SH = e/16π. Sinova et al. found that the spin Hall conductivity in a system with Rashba SOC remains the universal value e/8π [14, 16, 18] . The two results of the spin Hall conductivities differ by only a factor 1/2. This difference comes from the different definitions of the spin Hall current.
In Fig.2 we plot the spin Hall and spin-tensor Hall conductivities as a function of STMC strength in the condition of E F > E c . The spin-tensor Hall conductivity(σ STH ) depends on the STMC strength ζ. σ STH start out at σ STH = 0 and increases with the increasing of STMC strength. The numerical results indicate that σ STH ≈ e/16π at ζ = 1. The spin Hall conductivity(σ SH ) is not a universal value in the SOC+STMC system, and we find 0.8e/16π < σ SH < e/16π in the region of 0 < ζ < 1. However, the total spin Hall conductivity (σ SH + σ STH ) is larger than the conventional spin Hall conductivity (e/16π) of the Rashba SOC 2DFS. The enhancement to the value of the total spin Hall conductivity is most obvious at ζ ≈ 1. By comparing with the conventional value(e/16π) of the spin Hall conductivity, the total spin Hall conductivity is enhanced by a factor of 2 at ζ ≈ 1.
IV. CONCLUSION
The new spin-tensor Hall current due to the coupling of the spin tensor and the momentum has been found in the spin continuity equation. Based on the SOC and STMC model, the spin Hall conductivity and the spintensor Hall conductivity have been calculated. The total spin Hall conductivity depends on the STMC strength. The STMC induces the appearance of the spin-tensor Hall current, and the effect of the STMC may increase the spin Hall transport in the ISHE.
According to the Noether's theorem [20] , the conservation of the total-angular momentum of a Fermion described by a Lagrangian L = L(x µ , θ σ , ∂ µ θ σ ) is given by
The total-angular momentum tensor contains the spin angular momentum tensor (SAMT) and orbit angular momentum tensor (OAMT)
The SAMT is defined as
where the coefficient I [22, 28] . The field θ denotes the Fermion or electromagnetic field. The γ-matrices is represented as
σ is the Pauli matrices. g µν =diag(1, −1, −1, −1) is the Minkowski metric tensor (µ, ν = 0, 1, 2, 3). The Greek letters denote the Lorentz indices, the Latin letters denote three-vector indices.
The OAMT can be written as
where T µν is the energy-momentum tensor
The system of Dirac Fermions (Ψ) coupled with the electromagnetic filed (A µ ) is described by the Lagrangian
After the partial derivative calculations we have
where the electronic current is J µ = ∂ ν F νµ = eΨγ µ Ψ, and the energy-momentum tensor is
The energy-momentum is conserved (∂ µ T µν = 0). By substituting (A7) and (A8) into the conservation equation of total-angular momentum, Eq. (A1) can be rewritten as
here we define the momentum operator as π µ = ih∂ µ − e c A µ . If we only consider the vector indices of µ and ν, one can easily derive
where ε ijk is the Levi-Civita symbol. Here the Σ and α matrices are
and α = 0 σ σ 0 .
Since ε ijm ε ijn = 2δ m n and ε ijk a i b j = (a × b) k , the continuity equation of the spin can be derived as
where ρ i Ψ is the spin torque originating from the contribution of the orbit angular momentum. Here we define the velocity operator as v D = cα, the spin operator as s D =hΣ/2. Eq.(A13) is similar to the spin continuity equation of the SHE in Dirac-Rashba systems [29] .
